The thermodynamics of a spin-1/2 magnetic multilayer system with antiferromagnetic interplanar couplings is studied using the Pair Approximation method. The special attention is paid to magnetocaloric properties, quantified by isothermal entropy change. The multilayer consists of two kinds of magnetic planes, one of which is diluted. The intraplanar couplings in both planes have arbitrary anisotropy ranging between Ising and isotropic Heisenberg interactions. The phase diagram related to the occurrence of magnetic compensation phenomenon is constructed and discussed. Then the isothermal entropy change is discussed as a function of interaction parameters, magnetic component concentration and external magnetic field amplitude. The ranges of normal and inverse magnetocaloric effect are found and related to the presence or absence of compensation.
This is an author-created, un-copyedited version of an article accepted for publication in Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. magnets [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] . Also, MCE in vicinity of the compensation temperature has been a subject of studies 63 . We mention that the coexistence of normal and inverse MCE is in general possible in a class of magnets exhibiting rich structure of the ground-state phase diagram, in particular in Ising-Heisenberg chains [23] [24] [25] [26] [27] [28] [29] [30] [31] or even some zero-dimensional structures 64 . However, we consider the multilayer geometry to be of particular interest.
Motivated by the findings connected with normal and inverse MCE in layered magnets,
we present a theoretical study of a magnetic spin-1/2 multilayer with antiferromagnetic interlayer couplings. We assume that the planes A and B forming multilayer are magnetically non-equivalent, having different exchange parameters and different anisotropy. Moreover, one of the plane (that one which is magnetically stronger) is randomly diluted. In such a system the compensation phenomenon can occur, whose characteristic compensation temperature can be much lower than the Néel temperature, and can be modified by the degree of dilution 62 . Since in the vicinity of compensation temperature the inverse MCE can be expected, the temperature range of occurrence of this effect (and its strength) could be, to some extent, controlled by the dilution parameter, even though the other material parameters (exchange integrals) remain constant. Apart from pure theoretical interest in the model we think that such a possibility may also inspire the researchers for its experimental realization.
The paper develops a theoretical model and its thermodynamic description. Then the conditions for presence of magnetic compensation phenomenon are discussed and the magnetocaloric properties (the isothermal entropy change and the adiabatic cooling rate) are analysed. The numerical results are extensively illustrated in plots.
II. THEORETICAL MODEL
The subject of our interest is a magnetic multilayer, in which the spins are located at the sites of simple cubic (sc) crystalline lattice. The system in question is composed of inequivalent parallel monolayers which are stacked alternately and are further called A and B planes. Each single plane is therefore a simple quadratic lattice. All sites of plane A are populated by magnetic atoms, while plane B is site-diluted, so that the concentration of magnetic atoms equals there to p. All magnetic atoms are assumed to have spin 1/2. The schematic view of the multilayer is presented in Fig. 1 . This is an author-created, un-copyedited version of an article accepted for publication in Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003.
of various spin-1/2 magnetic systems 62, [65] [66] [67] [68] [69] , including the magnetocaloric studies 67, 69 and studies of layered magnets 62, 68, 69 . The method allows to find a Gibbs free energy within fully self-consistent approach, which allows for further determination of all interesting magnetic properties by employing thermodynamic identities.
In order to obtain the Gibbs energy we employ the general relationship:
where H is the average value of Hamiltonian (1) containing external field (i.e., enthalpy of the system), and S is the total entropy. The entropy is obtained by the cumulant technique where only single-site and pair entropy cumulants are taken into account:
In Eq. (3), N is the total number of lattice sites, whereas σ γ and σ γδ (γ = A, B; δ = A, B)
are single-site and pair entropies, respectively. Eq. (3) can be re-written in a more convenient form presenting the entropy per lattice site:
The single-site and pair entropies are defined by the expressions:
and
where ρ γ i and ρ γδ ij are single-site and pair density matrices, respectively. These matrices are of the form:
(β = 1/k B T ).
In Eqs. (7) 
Substituting Eqs. (9) and (10) into the expression for the total entropy (4), the total Gibbs energy per lattice site is finally expressed from Eq. (2) in terms of single-site and NN-pair Gibbs energies as:
where the terms representing cluster enthalpies H γ i
and H γδ ij have been cancelled in Eq. (2) with the total enthalpy term H . The Gibbs energies are then obtained from normalization condition for density matrices (7) and (8) and are given by 68 :
for single-site clusters (γ = A, B), while for NN-pairs the Gibbs energies are of the form:
where γ = A, B and δ = A, B.
The above equations contain the parameters Λ γ , Λ γδ and ∆ γδ , which can be expressed by four independent variational parameters λ AA , λ BB , λ AB and λ BA in the following way:
The parameters are found from the variational principle for the Gibbs energy minimization, ∂G/∂λ γδ = 0. As a result, the following set of four self-consistent equations for parameters This is an author-created, un-copyedited version of an article accepted for publication in Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. λ γδ is obtained:
. (18) The above set of non-linear, self-consistent equations can be solved only numerically and for this purpose in the present work we used Mathematica software package 70 .
The Gibbs free energy (Eq. 11) is in principle the function of the external field h and temperature T . The self-consistency of the thermodynamic description yields the possibility of determining all the other interesting thermodynamic quantities form the appropriate identities. For instance, the total magnetization per site can be found from:
leading finally to:
where that the occurrence of such a phenomenon in magnetic bilayer has been a subject of our extensive study in Ref. 62 . The conditions for its existence in the present system, i.e. the magnetic multilayer, will be discussed in further part of the paper. We also mention that This is an author-created, un-copyedited version of an article accepted for publication in Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. the critical temperature for layered ferro-and ferrimagnets with anisotropic interactions has been a subject of numerous recent studies (e.g. 62, 68, 71 ).
The magnetocaloric effect can be characterized mostly with the help of such quantity as the entropy change ∆S T in the process of isothermal demagnetization between the external field h > 0 and h = 0 1,67 . It can be expressed as ∆S T = S (T, h) − S (T, h = 0). The magnetic entropy of the system is found from the identity S = − (∂G/∂T ) h . In the presented convention, positive value of ∆S T corresponds to normal MCE, while the negative value denotes inverse MCE. Another magnetocaloric quantity of interest is the temperature change vs. magnetic field under adiabatic (isentropic) process, usually characterized with the help of cooling rate
III. NUMERICAL RESULTS AND DISCUSSION
At the beginning, it is instructive to determine the range of the model parameters (exchange integrals and concentrations of magnetic atoms) for which a compensation phenomenon is present and is manifested in the temperature dependences of the total system magnetization, at external magnetic field h = 0. For all couplings of Ising type, this phase diagram is presented in Fig. 2 The situation is somehow different if the intraplanar couplings J AA and J BB are both of isotropic Heisenberg type, which is the case illustrated in Fig. 2(b) . There, the boundary separating the phase with and without compensation is almost vertical for high p unless interplanar coupling is very weak (when the boundary tends to be almost horizontal, with This is an author-created, un-copyedited version of an article accepted for publication in Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. In order to describe the behaviour of the system in question in external magnetic field h > 0, let us first analyse the dependence of total magnetization on the temperature for two distinct points of the phase diagram, corresponding either to the case with compensation or without compensation. For illustration, the system with all-Ising couplings was selected. shows the dependence of the compensation temperature on the normalized external field.
phenomenon (weak interlayer coupling J AB and weak intralayer coupling J AA ) for quite low concentration p.
It should be explained here that in the external magnetic field equal to zero (h = 0) the system possesses up-down symmetry. This means that there exist two solutions for the total magnetization, which are of the same magnitude but have opposite sign. According to Landau theory of phase transitions, these symmetrical solutions correspond to the same energy, and in the ground state they are separated by the energy maximum. The presence of this separating maximum opens the possibility to apply a small external magnetic field, oriented parallel or antiparallel to the total magnetization, without changing the magnetization direction in the ground state. However, when the field is applied, the energy becomes asymmetric vs. total magnetization, and, for instance, the solution (m tot < 0) which is opposite to the field (h > 0) corresponds to a metastable state. In this case, when the field increases and reaches its critical value, the spin-flip transition takes place and the total This is an author-created, un-copyedited version of an article accepted for publication in Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. magnetization becomes re-oriented parallel to the field. After this transition, which is of the 1-st order, the signs of m tot and h are the same, and the system falls into the stable state, where the Gibbs energy is in its absolute minimum. Taking this into account, we think that such a kind of transition from metastable to stable states becomes interesting for studies in the context of MCE.
To begin with, the temperature behaviour of total magnetization should be calculated.
It is known, that temperature itself does not change the symmetry of the Gibbs potential, however, it diminishes the energy barrier between metastable and stable states. Thus, increasing temperature enables the spin-flip transition. In Fig. 3(a) the dependence m tot (T )
for the fields h/J BB z < 0.06 indicate the compensation at the temperature T comp , which shifts to lower values when h increases. The inset in Fig. 3(a) shows the dependence of This is an author-created, un-copyedited version of an article accepted for publication in Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. Above the critical magnetic field, the compensation vanishes and magnetization becomes a monotonous, decreasing function of temperature, with a kink in the vicinity of former compensation temperature. However, this kink disappears fast when h further increases.
If the intralayer interaction J AA becomes strong, as in Fig. 3(b) , the qualitative behaviour of magnetization vs. temperature changes. Let us remind that no magnetic compensation is predicted for that range of parameters. Below the critical field the total magnetization first rises and then drops with temperature, but always keeps the same sign. If the critical field h/J BB ≃ 0.1 is exceeded, again the magnetization dependence on temperature becomes monotonous and bears similarity to the previous case shown in Fig. 3(a) .
The behaviour of total magnetization can be explained in details by focusing on magnetizations of both types of magnetic planes, A and B. Their temperature dependences for representative parameters are presented in Fig. 4 . First let us analyse the behaviour of the system in the parameter range for which compensation occurs, just below the critical magnetic field h/J BB ≃ 0.06 (Fig. 4(a) ). In accordance with Fig. 3 (a) such situation corresponds to the metastable state, where at low temperature both planes indicate magnetizations oriented antiferromagnetically, and the total magnetization is opposite to the external field. Magnetization of plane A, with weaker intraplanar couplings that plane B, has rectangular-like temperature dependence and abruptly reaches very low values close to the compensation temperature. In the vicinity of this temperature m A varies quasi-linearly and changes its orientation to parallel to m B at the temperature slightly higher than T comp .
The magnetization of plane B is almost constant in that temperature range and starts to decrease for temperatures significantly higher than compensation temperature. Moreover, it keeps the same orientation for all temperatures.
For external magnetic field exceeding h/J BB ≃ 0.06, illustrated in Fig. 4(b) , the situation changes qualitatively, since no compensation occurs. Starting from the lowest temperatures, both magnetizations, m A and m B indicate parallel orientation. The temperature dependence of m B is very similar to the previous case (Fig. 4(a) ). The magnetization m A again shows rectangular-like thermal dependence for low temperatures. However, after the drop to low values, it remains constant in some range of temperatures in the vicinity of former T comp .
This
Then it increases slightly for higher temperatures. Therefore, for the set of parameters allowing for compensation at fields h low enough, the behaviour of the total magnetization with abrupt change at some temperature close to T comp is due to reorientation of the magnetization of plane A, which is characterized by weaker intraplanar couplings than plane B and no dilution.
The situation is different for the set of parameters for which the phenomenon of compensation does not take place at any temperature and magnetic field, what is the content of respectively). In both plots it is visible that for high temperature range the entropy always decreases with the increase of the magnetic field. However, for lower temperatures, the field first causes an increase in entropy, and after exceeding some critical field the tendency reverts.
The decrease of the magnetic entropy with the magnetic field gives rise to normal MCE, while the increase marks the occurrence of inverse MCE. Therefore, occurrence of inverse MCE can be expected in a considered system in general for low external magnetic fields. The pronounced dip in the isentropes marks the critical field separating both regimes. It should be stated that for the case with possible magnetic compensation, the non-monotonicity of entropy as a function of field extends up to higher entropy values. The behaviour of This is an author-created, un-copyedited version of an article accepted for publication in Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. entropy as a function of external field is fully consistent with results shown in Fig. 3 . Let us emphasize here the thermodynamic identity (∂S/∂h) T = (∂m/∂T ) h , with the help of which the dependencies m(T, h) and S(T, h) can be analysed jointly. In particular, inverse MCE corresponds to (∂m/∂T ) h < 0, which condition is fulfilled for low magnetic fields both for phase with and without compensation, as seen in Fig. 3 ).
Having discussed the magnetic entropy vs. temperature and magnetic field, let us focus on the main aim of the study, which is to characterize the magnetocaloric properties of Fig. 6(a) ), the system is within the regime in which the compensation takes place. It is evident that for lower temperatures, a distinct Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. increases further, the mentioned maximum tends to vanish and at the same time a peak of normal MCE builds up at higher temperatures. For very strong J AA , we deal again with a shallow minimum (inverse MCE) at low temperatures and a pronounced, sharp maximum (normal MCE) at higher temperatures.
If the interplanar couplings take isotropic Heisenberg form, the behaviour of MCE is presented in Fig. 7 , for concentration p = 0.9 and J AB /J BB = −0.2. The qualitative features are quite similar to that observed for purely Ising interactions (as in Fig. 6 ). Again, if the interaction parameters are such that compensation phenomenon occurs, then a lowtemperature range of inverse MCE and high-temperature range of normal MCE is present. If the coupling J AA increases, the high-temperature maximum tends to disappear and inverse MCE minimum shifts towards higher temperatures and becomes less pronounced. After crossing the critical value of J AA /J BB ≃ 0.65, for which compensation disappears, the hightemperature peak of normal MCE rebuilds. However, the low-temperature range of inverse In order to complete the study, we also analyse the behaviour of another magnetocaloric quantity of interest, namely, the adiabatic cooling rate Γ S . Its temperature dependence is shown in Fig. 9 for various strengths of interplanar antiferromagnetic coupling. Fig. 9(a) corresponds to the presence of compensation (at zero field), while in Fig. 9 (b) the compensation is absent. The ranges of interaction parameters are the same as in the case of Fig. 6 This showing the temperature dependence of isothermal entropy change, while the external magnetic field is set to h/J z BB = 0.03. The general qualitative behaviour of Γ S is quite similar to the behaviour of ∆S T quantity. For weaker interplanar couplings (case with possible compensation), for low temperatures a pronounced inverse MCE is seen, with the tendency of shifting of the minimum towards higher temperatures with the increase of J AB interaction.
On the contrary, maximum corresponding to normal MCE tends to reduce its magnitude completely when interplanar interaction becomes stronger. Close to the boundary between phase with and without compensation (in zero field), the value of cooling ratio remains almost constant (and corresponds to normal MCE) above the critical temperature, whereas below a range of inverse MCE is present. For the case of absence of compensation, for interplanar couplings strong enough, the inverse MCE is absent in any temperature range.
Further increase in J AB causes the maximum to build up again (with strong shift towards This is an author-created, un-copyedited version of an article accepted for publication in Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. higher temperatures). In parallel, a range of inverse MCE is recovered at low temperatures.
The described changes mimic the behaviour of ∆S T to large extent (compare Fig. 6 ).
It is also interesting to follow the evolution of the entropy change magnitude when the amplitude of the external magnetic field h is changed. Such dependencies are presented in
Figs. 10 and 11. First of them concerns the case of the multilayer with strong intraplanar interactions in plane A, thus it is prepared for the system exhibiting no compensation phenomenon ( Fig. 10(a,b) ). For the range of external fields not exceeding the critical field of h/J BB ≃ 0.20 ( Fig. 10(a) ), a low-temperature, broadened minimum of inverse MCE and a sharp high-temperature maximum of normal MCE occur. When external field h amplitude increases, the magnitudes of both extrema also increase and remain somehow comparable.
The high-temperature maximum has quite stable position, while the low-temperature minimum tends to shift to lower temperatures. If the field amplitude exceeds the critical field Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. ( Fig. 10(b) ), the situation changes. Namely, the inverse MCE range tends to decrease its magnitude and then vanishes completely, so that only a single maximum (showing normal MCE) remains. This maximum increases in magnitude monotonously when h rises.
Therefore, the inverse MCE is present only for a limited range of external fields h.
If the system is in regime of parameters with compensation, like in Fig. 11(a,b) , the situation is qualitatively similar. However, below the critical magnetic field (h/J BB ≃ 0.06 in this case), the inverse MCE dominates over normal MCE when the magnitude of the effect is taken into account, as the low-temperature minimum becomes very deep ( Fig. 11(a) ). However, above the critical field ( Fig. 11(b) ), this low-temperature range of inverse MCE again tends to vanish completely, while the high-temperature maximum builds up monotonously.
For h large enough, a low-temperature minimum transforms into a kind of maximum or kink, the position of which corresponds to increasingly higher temperatures and finally tends to Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. merge with the main maximum. We can conclude that for that choice of interaction parameters ( Fig. 11(a) ) the inverse MCE is more pronounced , but occurs in a more narrow range of field amplitudes h, whereas for larger fields a more broad maximum of normal MCE emerges ( Fig. 11(b) ).
In order to illustrate the influence of the magnetic dilution of plane B on the magnetocaloric properties, we show Fig. 12 . In Fig. 12 Fig. 2(a) ). It is visible that for the highest considered temperature, the MCE remains normal in the whole range of concentrations (for both studied magnetocaloric quantities) and achieves a pronounced maximum when this This is an author-created, un-copyedited version of an article accepted for publication in Journal of Physics: Condensed Matter. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI:10.1088/0953-8984/26/38/386003. particular temperature becomes the critical temperature of the system. For the lower temperature, the MCE is an inverse one for high concentrations p. Dilution causes the effect of switching to a normal one. For the lowest studied temperature, again entropy change and cooling rate are negative for high p. When p is reduced, they change sign in a discontinuous way while crossing the boundary between phase without and with compensation. For lower concentrations they reach a minimum and then increase significantly. This plot supports the statement that for high temperatures the MCE in a studied system is a normal one, with a maximum corresponding to the critical temperature. On the other hand, for low temperatures, the effect is inverse for the phase with compensation and can be switched to normal one by crossing the boundary towards the phase where the compensation is absent.
IV. CONCLUSIONS
In the paper, the coexistence of normal and inverse MCE has been analysed for a magnetic multilayer with antiferromagnetic interlayer couplings and selective dilution of one kind of inequivalent magnetic planes. The thermodynamics of the model was described within Pair Approximation method, which is superior to the commonly applied molecular field approximation in characterization of magnetocaloric properties 67 . In particular, it takes into account the interaction anisotropy in spin space, allowing to distinguish between Ising and isotropic Heisenberg couplings, which is beyond the scope of molecular field-based description. Moreover, the method provides a nontrival description of diluted magnets 65, 68 , includ- The presented results allow for indicating the range of parameters of the model for which either both effects or just one of them can be observed as a function of the temperature.
Moreover, they show how the MCE is sensitive and how it can be controlled by varying magnetic interactions and concentration of magnetic atoms in layered system. This is vital in the context of possible design and optimization of multilayer ferrimagnets to achieve desired magnetocaloric properties. Moreover, the formalism could be extended for example to the case of more than two uniform magnetic subsystems or to systems with long-range interactions.
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